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Global phase diagram of two-component Bose gases in antiparallel magnetic fields
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We study the ground-state phase diagram of two-dimensional two-component (or pseudospin- 1
2
)
Bose gases in mutually antiparallel synthetic magnetic fields in the space of the total filling factor and
the ratio of the intercomponent coupling g↑↓ to the intracomponent one g > 0. This time-reversal-
invariant setting represents a bosonic analogue of spin Hall systems. Using exact diagonalization, we
find that (fractional) quantum spin Hall states composed of a pair of nearly independent quantum
Hall states are remarkably robust and persist for g↑↓ up to as large as g. For g↑↓ = −g, we find the
exact many-body ground state in which particles in different spin states form pairs. This gives the
exact critical line beyond which the system collapses.
PACS numbers: 05.30.Jp, 72.25.-b, 73.43.Cd
I. INTRODUCTION
Recent years have witnessed a rapid development in ex-
perimental techniques for creating synthetic gauge fields
in ultracold atomic gases [1, 2]. By optically coupling
internal states of atoms, a nearly uniform synthetic mag-
netic field has been created [3], opening up a new avenue
towards the realization of quantum Hall (QH) states.
Moreover, magnetic fields of mutually antiparallel direc-
tions have been optically generated in two-component
(pseudospin- 1
2
) Bose gases, allowing observation of a spin
Hall effect arising from spin-dependent Lorentz forces [4].
There have also been proposals to realize similar gauge
fields by inducing laser-assisted tunneling in tilted optical
lattices [5, 6]. Although the spin Hall effect observed in
Ref. [4] was still in a classical regime, the physical settings
of Refs. [4–6] show striking resemblances with quantum
spin Hall (QSH) systems studied in semiconductors.
The QSH effect was first studied in graphene [7] and
semiconductors with a strain gradient structure [8]. It
was later experimentally observed in HgTe/CdTe quan-
tum wells [9] following a theoretical proposal [10]. A
notable feature of QSH systems is that they exhibit a
pair of gapless edge modes protected by time-reversal
symmetry while having an excitation gap in the bulk.
The simplest model of QSH systems is a pair of integer
QH systems with opposite chiralities. A natural gener-
alization is to couple a pair of fractional QH states to
construct an interacting analogue of QSH states with a
fractionally quantized spin Hall conductance [8]. Inter-
acting two-component atomic gases in high antiparallel
synthetic magnetic fields would provide an ideal platform
for studying correlated quantum phenomena in spin Hall
systems. While fractional QSH states would appear nat-
urally for a strong intracomponent repulsion g > 0 and
a weak intercomponent coupling g↑↓ [11], it is interest-
ing to ask whether they survive or are replaced by new
quantum phases when g↑↓/g is increased.
In this paper, we study two-dimensional (2D)
pseudospin- 1
2
Bose gases in high antiparallel synthetic
magnetic fields. We determine the ground-state (GS)
phase diagram in the space of the total filling factor
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FIG. 1: (color online) Ground-state phase diagram in the
space of the total filling factor νtot = (N↑ + N↓)/Nφ and
the ratio of the intercomponent to intracomponent coupling
constants, g↑↓/g. Here N↑ (N↓) is the number of ↑ (↓)-spin
particles, and Nφ is the number of magnetic flux quanta pierc-
ing each component. Within the Gross-Pitaevskii mean-field
theory, a large-νtot region exhibits the same vortex phase di-
agram as in the case of parallel magnetic fields studied previ-
ously [18, 19]. For small νtot, however, (fractional) quantum
spin Hall (QSH) states composed of a pair of nearly inde-
pendent quantum Hall states (Laughlin, composite fermion,
and Moore-Read states) appear over wide ranges of g↑↓/g (see
horizontal bars) in dramatic contrast to the case of parallel
magnetic fields where SU(2)-symmetric quantum Hall states
emerge for g↑↓ ≈ g at νtot = 4/3 [20–22, 25] and 2 [23–26]. For
νtot = 1, the range of the QSH phase (solid bar) is determined
through an appropriate extrapolation to the thermodynamic
limit. For νtot = 4/3 and 2, such an extrapolation could not
be taken, and our best estimates (shaded bars) are based on
the results for the largest system sizes in our calculations.
On the critical line g↑↓/g = −1 beyond which the system
collapses [29], pairing states constitute the exact many-body
ground states.
νtot = (N↑ + N↓)/Nφ and the ratio g↑↓/g (see Fig. 1).
Here, Nφ is the number of magnetic flux quanta piercing
each component, N↑ (N↓) is the number of particles in
the spin state ↑ (↓). We will assume balanced populations
N↑ = N↓ in most of the calculations.
For g↑↓ = 0, the system decouples into two indepen-
2dent scalar Bose gases. The single-component problem
in a synthetic magnetic field can be implemented in a
rotating gas and has been studied in a number of works
[12]. For moderate magnetic fields, Abrikosov’s triangu-
lar vortex lattice is formed in a Bose-Einstein condensate
as observed experimentally [13]. For high magnetic fields
(i.e., small filling factors ν = N/Nφ), theory predicts that
the vortex lattice melts, and incompressible QH states
appear at various integer and fractional ν(. 6). Exam-
ples include a bosonic Laughlin state at ν = 1/2 [14], a
composite fermion state at ν = 2/3 [15], and a Moore-
Read Pfaffian state [16] at ν = 1 [17]. The coupling
between two Bose gases in parallel magnetic fields leads
to an even richer variety of phases as studied in both
regimes of vortex lattices [18, 19] and QH states [20–26].
We will make comparisons between the cases of paral-
lel and antiparallel magnetic fields in the course of our
analyses.
Our main results for pseudospin- 1
2
Bose gases in an-
tiparallel magnetic fields are summarized in Fig. 1. For
large νtot (≫ 1), we show that within the Gross-
Pitaevskii (GP) mean-field theory, the system shows ex-
actly the same vortex structures as in the case of paral-
lel magnetic fields studied previously [18, 19]. For small
νtot, we find through exact diagonalization calculations
that (fractional) QSH states that are well approximated
by a pair of independent QH states are markedly sta-
ble and survive for g↑↓ up to as large as g. It is re-
markable that the two components remain nearly uncor-
related for such large intercomponent couplings. While
similar bosonic systems have also been studied previously
[11, 27], our calculations provide a more systematic de-
termination of the parameter ranges of the QSH states
[28]. For g↑↓ = −g, we find the exact many-body GS
with a novel paring structure.
Here we comment on related studies. A similar prob-
lem of two coupled fractional QH states with opposite
chiralities have been studied in models of interacting
spin- 1
2
fermions in lattices [30] and continuous space [31],
and in a model of strained graphene [32]. Compared with
lattice systems [30, 32], our simple setting can provide a
clearer picture of the interplay between intracomponent
and intercomponent interactions. Reference [31] focuses
on νtot = 2/3, where two fermionic Laughlin states are
coupled; our phase diagram for νtot = 1 (corresponding
to two coupled bosonic Laughlin states) has some similar-
ities with the result of Ref. [31]. Strong intercomponent
interactions in spin Hall systems may potentially lead
to novel time-reversal invariant topological states (be-
yond simple product states) as proposed in Refs. [8, 33–
36]. However, none of such phases have been found in
our extensive numerical search in the present model (see
Sec. III B). The stability of gapless edge states in coupled
QH systems in the presence of intercomponent tunneling
has also been discussed [30, 37–39]. Although this is an
interesting problem, we focus on bulk properties in the
absence of such tunneling and do not address edge prop-
erties in this paper.
The rest of the paper is organized as follows. In Sec. II,
we describe the setting of our system, and discuss the
mean-field phase diagram for large νtot(≫ 1). In Sec. III,
we present our exact diagonalization analysis for small
νtot. In particular, we perform an extensive search for
incompressible states in the present model, and deter-
mine the parameter ranges of the QSH states at νtot = 1,
4/3, and 2 in Fig. 1. In Sec. IV, we derive some exact
results on the point g↑↓ = −g. In Sec. V, we present a
summary and an outlook for future studies. In Appendix
A, we describe some technical details related to numerical
calculations in a spherical geometry in Sec. IV.
II. MEAN-FIELD THEORY FOR LARGE
FILLING FACTORS
We consider a system of a 2D pseudospin- 1
2
Bose gas
(in the xy plane) subject to antiparallel magnetic fields
+B and −B along the z axis for spin states α =↑ and
↓, respectively. We introduce the fictitious charge q of a
particle, and assume qB > 0. We denote the strengths of
the intracomponent and intercomponent contact interac-
tions by g and g↑↓, respectively. In the second-quantized
form, the interaction Hamiltonian is written as
Hint =
∑
α,β=↑,↓
gαβ
2
∫
d2rΨˆ†α(r)Ψˆ
†
β(r)Ψˆβ(r)Ψˆα(r), (1)
where Ψˆα(r) is the bosonic field operator for the spin
state α. We set g↑↑ = g↓↓ ≡ g > 0 and g↑↓ = g↓↑.
For a 2D system of area A, the number of magnetic
flux quanta piercing each component is given by Nφ =
|qB|A/(2π~) = A/(2πℓ2), where ℓ =
√
~/|qB| is the
magnetic length. Strongly correlated physics is expected
to emerge when Nφ becomes comparable with or larger
than the total number of particles, N = N↑ + N↓. We
investigate the GS phase diagram of the system in the
space of the total filling factor νtot = N/Nφ and the ra-
tio g↑↓/g.
We first focus on the regime of large νtot(≫ 1), where
the system is expected to be well described by the Gross-
Pitaevskii (GP) mean-field theory. In the GP theory,
the field operators Ψˆα(r) in Eq. (1) are replaced by the
condensate wave functions Ψα(r) which are determined
by minimizing the GP energy functional
E[Ψ↑,Ψ↓] =
∫
d2r
[
Ψ∗↑K(B)Ψ↑ +Ψ∗↓K(−B)Ψ↓
+
∑
α,β
gαβ
2
|Ψα|2|Ψβ |2
]
,
(2)
where K(±B) is the single-particle Hamiltonian in the
Landau gauge:
K(±B) = 1
2M
[
(−i~∂x ± qBy)2 + (−i~∂y)2
]
. (3)
3Noting ∫
d2rΨ∗↓K(−B)Ψ↓ =
∫
d2rΨ↓K(B)Ψ∗↓, (4)
we find that the present system reduces to the case of
parallel magnetic fields by the replacement Ψ↓ → Ψ∗↓.
Namely, the GP energy functionals for the cases of par-
allel and antiparallel magnetic fields are related as
Eantiparallel[Ψ↑,Ψ↓] = Eparallel[Ψ↑,Ψ
∗
↓]. (5)
This implies that the GS phase diagram for one case can
be obtained from that for the other through time reversal
of the ↓ component. The mean-field phase diagram for
parallel magnetic fields is known [18, 19] and summarized
as follows. When g↑↓ = 0, each component independently
forms a triangular vortex lattice. The two triangular lat-
tices overlap for g↑↓ < 0 and are displaced from each
other for small g↑↓/g > 0. When the ratio of the coupling
constants is increased in the range 0 < g↑↓/g < 1, the two
interlocked lattices undergo phase transitions from trian-
gular to rectangular configurations (by taking a complex
conjugate for the ↓ component in these states, we obtain
the vortex lattices as schematically illustrated in Fig. 1).
For g↑↓/g > 1, the system displays exotic metastable
states, such as double-core vortex lattices, stripes, and
vortex sheets. All these vortex structures are expected
to emerge (with the reversed current density for the ↓
component) in our time-reversal invariant system as well.
III. EXACT DIAGONALIZATION ANALYSIS
FOR SMALL FILLING FACTORS
In this section, we consider the regime of νtot = O(1),
where the system is expected to be strongly correlated.
We assume that B is so large that the interaction energy
is much smaller than the Landau-level spacing ~|qB|/M .
In this case, the restriction of the Hilbert space to the
lowest Landau level (LLL) is legitimate. Within this re-
stricted subspace, we have performed an exact diagonal-
ization analysis of the Hamiltonian (1). We demonstrate
that QSH states composed of two nearly independent QH
states are remarkably robust and persist for g↑↓ up to as
large as g at νtot = 1, 4/3, and 2 (see horizontal lines
in Fig. 1). Our results also indicate that in the present
system, increasing g↑↓/g only gradually diminishes the
energy gaps of such QSH states and does not lead to
any novel incompressible state (beyond simple product
states) proposed in Refs. [8, 33–36]. In our analysis, we
set
(g, g↑↓) = Gℓ
2(cos γ, sin γ) (6)
with G > 0, and change γ in the range −pi
2
≤ γ ≤ pi
2
.
A. Spherical geometry
For our numerical calculations, we have employed a
spherical geometry [40, 41], which has no edge and is
therefore suitable for studying bulk properties around the
center of a trapped gas. Here we briefly describe the basic
setup for this geometry. Further details on this geometry
such as the representation of the Hamiltonian in the LLL
basis and the numerical methods used for diagonalizing
the Hamiltonian are explained in Appendix A.
We introduce the polar coordinates (r, θ, φ) and the
associated unit vectors er, eθ, eφ. We place magnetic
monopoles of charges ±Nφ(2π~/q) with integer Nφ ≡ 2S
at the center of the sphere. These monopoles produce
magnetic fields +Ber and −Ber for the ↑ and ↓ parti-
cles, respectively, which reside on the sphere of radius
R = ℓ
√
S with ℓ =
√
~/|qB|. We assume qB > 0
in the following. Because of the spherical symmetry,
many-body eigenstates can be classified by the total an-
gular momentum L. For incompressible states on finite
spheres, the relation between N and Nφ involves a char-
acteristic shift δ:
N = νtot(Nφ + δ), (7)
where δ depends on individual candidate wave functions.
Incompressible GSs appear in general in the sector with
L = 0 for (Nφ, N) satisfying the relation (7). The QSH
states at νtot = 1, 4/3, 2 in Fig. 1 have δ = 2, 3, 2, respec-
tively.
B. Numerical search for incompressible states
Through exact diagonalization calculations on a spher-
ical geometry, we have carried out an extensive search
for incompressible GSs in the (Nφ, N) plane for different
values of γ = arctan(g↑↓/g); see Fig. 2. Incompress-
ible states in general appear as the unique GSs with
L = 0, which are indicated by filled circles in Fig. 2.
The area of each filled circle is proportional to the neu-
tral gap ∆n, which is defined as the excitation gap for
fixed (Nφ, N↑, N↓). Solid lines indicate the relation (7)
for (νtot, δ) = (k, 2) with k = 1, 2, 3, 4; they correspond to
the QSH states made of two Read-Rezayi states [42] and
include in particular the cases of two Laughlin (k = 1) or
Moore-Read (k = 2) states (we note that these states ap-
pear only for evenNφ). Broken lines indicate the relation
(7) for (νtot, δ) =
(
2p
p+1 , p+ 1
)
with p = 2, 3; they corre-
spond to the QSH states made of two composite fermion
states in Jain’s principal sequence.
We first analyze the case of 0 < γ < pi
2
. For (d)
γ = 0.1π and (e) γ = 0.25π, we find that the L = 0
GSs appear for (Nφ, N) on the solid and broken lines.
However, the values of the neutral gap are much smaller
in (e). For (f) γ = 0.3π, most of the L = 0 GSs disappear;
even when they survive, the gap values are very small.
Comparing (e) with (d), we do not find the emergence of
any new L = 0 GS with an appreciable energy gap above
it. This indicates that within the present model, increas-
ing g↑↓/g only gradually diminishes the energy gaps of
QSH states made of two QH states and does not lead
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FIG. 2: Candidates for incompressible GSs in the (Nφ, N) plane, calculated on a spherical geometry for different values of
γ = arctan(g↑↓/g). Filled circles indicate GSs with the total angular momentum L = 0, where incompressible states can appear;
the area of each filled circle is proportional to the neutral gap ∆n. Empty circles indicate the GSs with L > 0. Solid and
broken lines indicate the relation (7) for (νtot, δ) = (k, 2) and (
2p
p+1
, p+ 1), respectively. The QSH states composed of a pair of
Laughlin, composite fermion, and Moore-Read states appear for (νtot, δ) = (1, 2), (
4
3
, 3), and (2, 2), respectively. Data points
are missing for large Nφ or N due to an exponentially increasing computation time.
5to any new incompressible state. A possible emergence
of a new incompressible state in the presence of other
perturbations such as the introduction of an optical lat-
tice or longer-range interactions is an interesting future
problem.
We next analyze the case of −pi
2
< γ < 0. In this
case, L = 0 GSs appear for all (Nφ, N) we have inves-
tigated. However, it is important to analyze whether
the energy gaps above these GSs remain nonvanishing
in the thermodynamic limit. For (c) γ = −0.03π, the
energy gaps are relatively large on the solid and broken
lines, and finite energy gaps possibly remain on these
lines in the thermodynamic limit. The energy gaps for
other (Nφ, N) tend to decrease as we increase Nφ. Re-
markably, for (b) γ = −0.25π, the energy gaps do not
depend on N at all, and decrease monotonically as a
function of Nφ. At this point, the exact expression for
the excitation energy can be found as we explain later;
see Eq. (37) in Sec. IVC. Since the energy gap vanishes
as Nφ → ∞, no incompressible state appears. The en-
ergy gaps for (a) γ = −0.4π also shows a tendency to
vanish as Nφ →∞. At this parameter point, the system
is not stable and spontaneously contracts as explained in
Sec. III D.
This subsection has focused on a global picture of the
types and the ranges of incompressible states present in
the model. More precise determination of the parame-
ter ranges of the QSH phases requires a more detailed
analysis, which we present next.
C. Determination of the parameter ranges of QSH
states
Here we present our numerical results for νtot = 1,
4/3, and 2. For g↑↓ = 0, the GSs at these filling fac-
tors are given by QSH states composed of two indepen-
dent Laughlin, composite fermion, or Moore-Read states,
which have δ = 2, 3, and 2, respectively. We are particu-
larly interested in the stability of such QSH states in the
presence of the intercomponent coupling g↑↓. We also
find an indication of a phase transition at g↑↓/g = −1,
which is analyzed in more detail in Sec. III D.
Figure 3 displays energy spectra as a function of
γ/π = arctan(g↑↓/g)/π for some (Nφ, N) correspond-
ing to (νtot, δ) = (1, 2), (4/3, 3), and (2, 2). While we
are interested in the population-balanced case N↑ = N↓,
we perform calculations for the imbalanced case N↑ 6=
N↓ as well to examine a possible instability towards
a phase separation. The eigenstates are classified by
Sz ≡ (N↑ − N↓)/2 and L. In all the cases presented,
a finite energy gap appears above the unique L = 0 GS
at γ = 0 as expected for incompressible states; the gap
value ∆/G ≈ 0.08 for (a) (Nφ, N) = (6, 8) coincides with
that calculated for a scalar gas with 4 particles [15]. The
gap decreases monotonically as we increase γ/π. The
GS stays in the sector (Sz, Ltot) = (0, 0) for γ/π < 1/4.
Slightly above γ/π = 1/4, the GS is replaced by the maxi-
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FIG. 3: (color online) Energy spectra versus γ/π =
arctan(g↑↓/g)/π for (a) (Nφ, N) = (6, 8), (b) (Nφ, N) = (3, 8),
and (c) (Nφ, N) = (4, 12). The eigenstates are classified
by Sz = (N↑ − N↓)/2 and the total angular momentum L.
The two lowest eigenenergies in each sector of the Hilbert
space are displayed. The lowest eigenenergy in the sector
(Sz, L) = (0, 0) is subtracted from the entire spectrum. Ver-
tical dotted lines indicate the cases of g↑↓/g = 0,±1.
mally imbalanced states with Sz = ±N/2. This indicates
that even for balanced populations N1 = N2, the system
locally favors formation of a single-component domain,
leading to a phase separation. The level crossing point
γc3(N) gives an estimate of the transition point. Around
γ/π ≈ −0.25 and −0.1, some energy levels show extrema.
In fact, phase transitions occur around these points, as
we discuss next.
To detect phase transitions, we have calculated the fi-
delity susceptibility χF [43] as a function of γ. When
two parameter points γ and γ+ δγ are close enough, the
overlap between the GSs at these points can be expanded
610-2
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FIG. 4: (color online) (a) Fidelity susceptibility χF (γ) as a
function of γ/π. The stability of a fractional QSH state com-
posed of two Laughlin states is examined for three system
sizes (Nφ, N) with filling factor νtot = 2 and shift δ = 2.
Peak positions indicated by arrows give finite-size estimates
of the transition points. The inset shows an extrapolation of
γc2(N)/π to the thermodynamic limit using the scaling rela-
tion (10). (b) Squared overlap with the decoupled case, i.e.,
|F (0, γ)|2. Vertical dotted lines correspond to γ = 0,±π/4.
as
F (γ, γ + δγ) ≡ |〈Ψ(γ)|Ψ(γ + δγ)〉|
= 1− χF
2
(δγ)2 + . . . ,
(8)
which allows us to define the fidelity susceptibility
χF (γ) = −2 lim
δγ→0
lnF (γ, γ + δγ)
(δγ)2
. (9)
This quantity measures how rapidly the GS |Ψ(γ)〉
changes as a function of the model parameter γ.
Let us first look at the result for (νtot, δ) = (1, 2) in
Fig. 4(a). For γ < 0, we observe two peaks in χF (γ),
which indicate phase transitions; these peaks shift grad-
ually and grow sharper with increasing N . The peak po-
sitions, γc1(N)/π and γc2(N)/π [arrows in Fig. 4(a)], can
be used to make a finite-size estimation of the transition
points. Using the scaling relation
γc2(N)− γc2(∞) ≃ const.× χF (γc2(N))− 12 (10)
with the peak height χF (γc2(N)) [44], we extrapolate the
data of γc2(N) to the thermodynamic limit, obtaining
γc2 ≈ −0.11π [inset of Fig. 4(a)]. The data of γc1(N),
by contrast, are located around −π/4 and do not de-
pend smoothly on N ; yet, we show later in Sec. III D
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FIG. 5: (color online) (a) The fidelity susceptibility χF (γ) and
(b) the squared overlap with the GS at γ = 0, i.e., |F (0, γ)|2,
for (νtot, δ) = (4/3, 3). The inset in (a) shows the relation be-
tween γc2(N)/π and χF (γc2(N))
−1/2, where the data points
do not allow a smooth fit unlike the inset of Fig. 4(a). Ar-
rows and vertical dotted lines are drawn in a manner similar
to Fig. 4.
and Sec. IVA that γc1 = −π/4 gives the exact transi-
tion point in the thermodynamic limit. For γ > 0, no
peak appears in χF (γ) until the GS level crossing occurs
at γc3(N) ≈ 0.30π (with little dependence on N) as in
Fig. 3(a). These results indicate that a single phase is
formed over
− 0.11 . γ/π . 0.30 (−0.35 . g↑↓/g . 1.4). (11)
Figure 4(b) shows the squared overlap with the GS at γ =
0: |F (0, γ)|2. We find that |F (0, γ)|2 indeed stays close to
unity in the above range, indicating that a fractional QSH
state, which is well approximated by the product of two
independent Laughlin states, is realized over this range.
The nature of the phase for −0.25 < γ/π . −0.11 is
currently unclear from the numerical data; yet the global
phase structure in Fig. 1 suggests that overlapping tri-
angular vortex lattices at large νtot persist down to this
small-νtot regime.
We have performed similar analyses for (νtot, δ) =
(4/3, 3) and (2, 2) as shown in Fig. 5 and 6. The fi-
delity susceptibility χF (γ) in Fig. 5(a) and 6(a) shows
two peaks indicating phase transitions. In contrast to the
νtot = 1 case, the data of (γc2(N), χF (γc2(N))
−1/2) for
the νtot = 4/3 case [inset of Fig. 5(a)] cannot be fitted by
a smooth function. In the νtot = 2 case, the calculations
could be performed only for two system sizes. For both
νtot = 4/3 and 2, the calculations for larger N are not
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FIG. 6: (color online) (a) The fidelity susceptibility χF (γ) and
(b) the squared overlap with the GS at γ = 0, i.e., |F (0, γ)|2,
for (νtot, δ) = (2, 2). The inset in (a) shows the relation be-
tween γc2(N)/π and χF (γc2(N))
−1/2; calculations for larger
systems are required to make a reliable extrapolation to the
thermodynamic limit as in the inset of Fig. 4(a). Arrows and
vertical dotted lines are drawn in a manner similar to Fig. 4.
possible due to an exponentially increasing computation
time. For these reasons, we cannot make an appropriate
extrapolation of γc2(N) to the thermodynamic limit in
these cases. We thus use (γc2(N), γc3(N)) for the largest
N for each νtot as our best estimate of the range of the
QSH phase, which is given by
νtot =
4
3
:− 0.09 . γ/π . 0.26 (−0.28 . g↑↓/g . 1.06)
νtot = 2 :− 0.10 . γ/π . 0.26 (−0.34 . g↑↓/g . 1.05).
(12)
Figures 5(b) and 6(b) present the squared overlap with
the decoupled case: |F (0, γ)|2. We find that |F (0, γ)|2
shows relatively large values in the ranges of Eq. (12),
indicating that the product of independent QH states
continues to give a good approximation to the GS in these
ranges.
The estimated parameter ranges of QSH states in
Eqs. (11) and (12) are shown by horizontal bars in Fig. 1.
These ranges are remarkably wide and even include the
case of g↑↓ ≈ g. This sharply contrasts with the case
of parallel magnetic fields, where the product of two QH
states persists only up to g↑↓/g ≈ 0.6 [22] and 0.2 [26]
for νtot = 4/3 and 2, respectively.
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FIG. 7: (color online) Ground-state energy as a function of
N with Nφ = 6 for different values of γ around the exact
transition point −π/4.
D. Phase transition at γ = −π/4
Here we analyze the phase transition at γ = −π/4,
which was detected by the peak γc1(N) in the fidelity sus-
ceptibility χF (γ) in the preceding subsection. A unique
feature of this transition can be found in the dependence
of the GS energy EGS on N . Figure 7 displays the nu-
merically calculated EGS(N) with Nφ = 6 at some values
of γ around −π/4. We find that EGS(N) is convex for
γ > −π/4 and concave for γ < −π/4. We show later in
Sec. IVA that EGS(N) is exactly linear at γ = −π/4 as
in Eq. (20) within the LLL approximation. This indicates
that the compressibility
κ =
[
N2
4πR2
d2EGS
dN2
]−1
(13)
changes the sign across γ = −π/4 (with a divergence
κ→ ±∞ at the transition point). The states with κ < 0
in the region γ < −π/4 are thermodynamically unstable
and spontaneously contract, leading to a collapse of the
gas (see the comment in [29]). Since the linear behavior
of EGS(N) at γ = −π/4 [Eq. (20)] is exact for arbitrary
even integer N > 0, γ = −π/4 (i.e., g↑↓/g = −1) gives
the exact phase boundary for arbitrary νtot (within the
LLL approximation) as shown in Fig. 1.
IV. EXACT RESULTS FOR g↑↓ = −g
We here discuss some exact results at the point g↑↓ =
−g within the LLL manifold. At this point, the phase
transition occurs, and the system collapses for g↑↓ < −g
as discussed in Sec. III D. We start by deriving the exact
many-body GS with a novel pairing nature in Sec. IVA.
In Sec. IVB, we reveal the su(1,1) structure hidden be-
hind this solution, and use it to calculate the paring am-
plitude of the GS. In Sec. IVC, we present exact con-
struction of some excited states, and use it to calculate
the neutral gap ∆n.
8A. Exact pairing ground states
Using the LLL states {ψmα} on a sphere [see Eq. (A4)],
the field operator can be expanded as
Ψˆα(r) =
S∑
m=−S
bmαψmα(r), (14)
where the bosonic operators {bmα} satisfy the commuta-
tion relation
[bmα, b
†
m′α′ ] = δmm′δαα′ . (15)
From this expansion, one can derive the equal-position
commutation relation
[Ψˆα(r), Ψˆ
†
β(r)] = δαβ
2S + 1
4πSℓ2
. (16)
Using this, the interaction Hamiltonian (1) at the point
g↑↓ = −g can be rewritten as
Hint =
g
2
∫
d2r [ρ↑(r)− ρ↓(r)]2 − g
ℓ2
2S + 1
8πS
(N↑ +N↓),
(17)
where ρα(r) = Ψˆ
†
α(r)Ψˆα(r) is the density operator. Thus
the GS can be obtained by minimizing the squared den-
sity difference [ρ↑(r)− ρ↓(r)]2 as much as possible for
every point r in the space. In fact, one can make this
difference vanish everywhere. To see it, we introduce the
operator
K+ =
∫
drΨˆ†↑(r)Ψˆ
†
↓(r), (18)
which creates a tightly bound pair of ↑ and ↓ particles
uniformly in space. Noting [Ψˆ↑,↓(r),K+] = Ψˆ
†
↓,↑(r), one
can show [ρ↑(r) − ρ↓(r),K+] = 0. Therefore, starting
from the vacuum |0〉 and repeatedly operating K+ on it,
we can make the density difference vanish everywhere.
The GS for particle numbers N↑ = N↓ = N/2 is thus
obtained as
|Ψ(N)〉 ∝ KN/2+ |0〉, (19)
whose energy is given by the last term in Eq. (17):
EGS(N) = − g
ℓ2
2S + 1
8πS
N. (20)
The linear dependence of the GS energy on N derived
here leads to a divergence of the compressibility (13) as
discussed in Sec. III D.
B. Hidden su(1,1) structure and paring amplitude
We first reveal the su(1,1) structure hidden in the
present model. We introduce
K− = K
†
+, Kz =
1
2
(N↑ +N↓ + 2S + 1), (21)
which together with K+ in Eq. (18), satisfy the su(1,1)
Lie algebra [45, 46]:
[K+,K−] = −2Kz, [Kz,K±] = ±K±. (22)
The Casimir operator, which is an analogue of the mag-
nitude of the angular momentum in su(2), is defined as
C = K2z −
1
2
(K+K− +K−K+)
= Kz(Kz − 1)−K+K−.
(23)
This operator commutes both with Kz and K±. A set of
basis vectors {|k, n〉} for a representation of su(1,1) can
be chosen to be the simultaneous eigenvectors of C and
Kz:
C|k, n〉 = k(k − 1)|k, n〉,
Kz|k, n〉 = (k + n)|k, n〉, (24)
where the real number k > 0 is called the Bargmann
index and n can be any nonnegative integer. In this basis,
the operators K± play the roles of raising and lowering
n by one:
K+|k, n〉 =
√
(n+ 1)(2k + n) |k, n+ 1〉, (25a)
K−|k, n〉 =
√
n(2k + n− 1) |k, n− 1〉. (25b)
Since the vacuum |0〉 is an eigenstate of C andKz with
k = S +1/2 and n = 0, the exact GS |Ψ(N)〉 in Eq. (19)
can be identified with |k = S + 1/2, n = N/2〉. The
paring amplitude in |Ψ(N)〉 is thus calculated by using
Eq. (25b) as
1
(4πR2)2
〈Ψ(N)|K+K−|Ψ(N)〉
=
1
(4πℓ2)2S2
N
2
(
2S +
N
2
)
−→ νtot(2 + νtot)
(4πℓ2)2
.
(26)
In the last expression, we take the thermodynamic limit
N → ∞ while keeping νtot = N/(2S) fixed. This result
indicates that the paring amplitude remains finite in the
thermodynamic limit for any νtot > 0 and is a monoton-
ically increasing function of νtot.
We note that the su(1,1) structure presented above is
not limited to a spherical geometry but exits in a torus
geometry as well; in the latter case, we only have to re-
place the definition of Kz by Kz =
1
2
(N↑ + N↓ + Nφ).
The paring amplitude can also be calculated in a similar
manner, resulting in the same expression as in Eq. (26)
in the thermodynamic limit.
C. Excited states
Here we present exact construction of some excited
states. To this end, we introduce extended pair creation
operators
P †JM =
∑
m1,m2
b†m1↑b
†
m2↓
〈S,m1;S,m2|J,M〉, (27)
9where 〈S,m1;S,m2|J,M〉 is the Clebsch-Gordan coeffi-
cient. This operator creates a pair of ↑ and ↓ particles
with the total angular momentum (J,M). Substituting
the expansion (14) into (18), one can show
K+ =
S∑
m=−S
(−1)S−mbm↑b−m,↓ =
√
2S + 1P †00. (28)
Therefore, the GS |Ψ(N)〉 in Eq. (19) consists of N/2
pairs of ↑ and ↓ particles with the angular momentum
(J,M) = (0, 0). Our idea is to break one such pair into
a state with higher J .
We start by constructing exact 2-body eigenstates for
N↑ = N↓ = 1. In this case, the eigenstates are given
simply by P †JM |0〉 since the Hilbert space is fully decom-
posed in terms of (J,M). Denoting its eigenenergy by
EJ and using the Hamiltonian (A7) (see Appendix A),
the eigenequation is written as∑
m3,m4
2V ↑↓m1,m2,m3,m4〈S,m4, S,m3|J,M〉
= EJ〈S,m1, S,m2|J,M〉
(29)
where V ↑↓m1,m2,m3,m4 is shown in Eq. (A10). Although we
know that this eigenequation should be satisfied because
of the spherical symmetry, the calculation of EJ is not
simple in general because the Clebsch-Gordan coefficients
become increasingly more complicated for larger J . Here
we perform calculations for (J,M) = (1, 0); in this case,
the Clebsch-Gordan coefficients are simple and their non-
zero values are given by
〈J,m; J,−m|1, 0〉 =
√
3
S(S + 1)(2S + 1)
(−1)S−mm.
(30)
Using this, the left-hand side of the eigenequation (29) is
calculated as∑
m3,m4
2V ↑↓m1,m2,m3,m4〈S,m4, S,m3|1, 0〉
= δm1+m2,0
−g
4πℓ2
(2S + 1)2
S(4S + 1)
√
3
S(S + 1)(2S + 1)
× (−1)S−m1
∑
m4
C(2S, S +m1)C(2S, S +m4)
C(4S, 2S +m1 +m4)
m4
= − g
4πℓ2
2S + 1
S + 1
〈S,m1, S,m2|1, 0〉,
(31)
where we have used the following identity for the bino-
mial coefficient C(·, ·):
S∑
m4=−S
C(2S, S +m1)C(2S, S +m4)
C(4S, 2S +m1 +m4)
m4
=
S(4S + 1)
(S + 1)(2S + 1)
m1.
(32)
The two-body eigenenergy E1(2) can then be read out
from Eq. (31) as
E1(2) = − g
4πℓ2
2S + 1
S + 1
. (33)
Excited states for particle numbers N↑ = N↓ = N/2
can be obtained by repeated operations of K+ on the
two-body excited state:
|ΨJM (N)〉 ∝ K
N
2
−1
+ P
†
JM |0〉. (34)
Using
[H,K+] = − g
4πℓ2
2S + 1
S
K+, (35)
the eigenenergy for Eq. (34) is calculated as
EJ(N) = EJ (2)− g
4πℓ2
2S + 1
S
(
N
2
− 1
)
. (36)
Therefore, the excitation gap to the J = 1 state is ob-
tained as
E1(N)−EGS(N) = E1(2)+ g
4πℓ2
2S + 1
S
=
g
4πℓ2
2S + 1
S(S + 1)
.
(37)
Although we do not have a rigorous argument that
|Ψ1M (N)〉 defined by Eq. (34) should be the first ex-
cited state, we have confirmed that the numerical data
of the neutral energy gap [the area of the circles in
Fig. 2(b)] agrees with this expression. This gap vanishes
for S → ∞, indicating that the system is gapless in the
thermodynamic limit.
V. SUMMARY AND OUTLOOK
In this paper, we have determined the global phase di-
agram of two-component Bose gases in antiparallel mag-
netic fields as shown in Fig. 1. We have found that QSH
states composed of two nearly independent QH states
are remarkably stable and persist even for g↑↓ up to as
large as g. This sharply contrasts with the case of par-
allel magnetic fields, where SU(2)-symmetric QH states
(with high entanglement between the two components)
emerge for g↑↓ ≈ g at νtot = 4/3 [20–22, 25] and 2 [23–
26]. In spite of this marked difference between the cases
of parallel and antiparallel magnetic fields for small νtot,
we have shown within the GP mean-field theory that for
large νtot(≫ 1), the two cases show the same vortex phase
diagrams. We have also shown (within the LLL approxi-
mation) that the vertical line g↑↓/g = −1 in Fig. 1 gives
the exact critical line beyond which the system collapses.
Along this line, we have obtained the exact many-body
GS with a novel paring nature.
The present study of a simple model could serve as
a useful reference point for studying the interplay be-
tween intracomponent and intercomponent interactions
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in more general spin Hall systems. The possibilities of
novel time-reversal invariant topological states (beyond
simple product states) for strong intercomponent inter-
actions in 2D fermionic and bosonic spin Hall systems
have been proposed in Refs. [8, 33–36]. Our results how-
ever have demonstrated that in the present system, sim-
ple products of QH states are remarkably stable, and in-
creasing the intercomponent coupling does not produce
any non-product-type topological state. It would be in-
teresting to investigate whether other perturbations such
as the introduction of an optical lattice or longer-range
interactions can produce a non-product-type topological
state. Strongly correlated physics in spin-orbit-coupled
systems has also received growing interest in the stud-
ies of heavy transition-metal compounds such as iridates
[47]. Parallel studies of cold-atom and solid-state sys-
tems would be beneficial for a unified understanding of
correlated quantum phenomena in spin Hall systems.
The authors thank M. A. Cazalilla and Y. Horinouchi
for useful discussions. This work was supported by KAK-
ENHI Grant Nos. 25800225, 22340114, and 26287088
from the Japan Society for the Promotion of Science, and
by a Grant-in-Aid for Scientific Research on Innovation
Areas ”Topological Quantum Phenomena” (KAKENHI
Grant No. 22103005) and the Photon Frontier Network
Program from MEXT of Japan.
Note added. After completion of this work, we be-
came aware of an independent work by Repellin et al.
[48], where the stability of two coupled bosonic Laughlin
states is investigated in lattice models. Although their
models are different from ours, they have also reached
the conclusion that the product of two Laughlin states
with opposite chiralities persists over a wider range of
the intercomponent coupling than the case of the same
chiralities.
Appendix A: Hamiltonian in the lowest-Landau-level
basis on a sphere
Here we describe some basic facts about the lowest-
Landau-level (LLL) basis on a sphere [40, 41] in our time-
reversal invariant setting, and derive the representation
of the interaction Hamiltonian in this basis. We also
briefly explain the numerical methods that we used for
diagonalizing this Hamiltonian.
We consider the setting described in Sec. III A. The
single-particle HamiltonianKα for the spin state α(=↑, ↓)
on the sphere is given by
Kα = 1
2M
[er × (p− qAα)]2 = Λ
2
α
2MR2
, (A1)
with
A↑,↓ = ∓Nφ 2π~
q
cot θ
4πr
eφ, (A2)
Λα = r × (p− qAα). (A3)
One can show that L↑,↓ = Λ↑,↓∓~Ser obey the standard
algebra of an angular momentum; henceforth we simply
call L↑,↓ the angular momentum. It follows from the
relation Λ2α = L
2
α − ~2S2 that the eigenvalues of Λ2α are
given by ~2[l(l+1)−S2], where l is the magnitude of the
angular momentum Lα. Because Λ
2
α ≥ 0, the minimum
of l is given by l = S.
The LLL on a sphere is thus given by the states with
the angular momentum l = S. Their wave functions are
given by
ψm↑(r) =
1
R
[
2S + 1
4π
C(2S, S −m)
] 1
2
(v∗)S+m(−u∗)S−m,
(A4a)
ψm↓(r) =
1
R
[
2S + 1
4π
C(2S, S +m)
] 1
2
uS+mvS−m,
(A4b)
where m = −S,−S + 1, . . . , S is the z-component of the
angular momentum, C(·, ·) is the binomial coefficient,
and
u = cos
(
θ
2
)
eiφ/2, v = sin
(
θ
2
)
e−iφ/2. (A5)
These wave functions satisfy
ψm↑ = (−1)S−mψ∗−m,↓, ψm↓ = (−1)S+mψ∗−m,↑. (A6)
Substituting the mode expansion (14) into the interac-
tion Hamiltonian (1), we obtain
Hint =
∑
α,β
∑
m1,m2,m3,m4
V αβm1m2m3m4b
†
m1αb
†
m2β
bm3βbm4α,
(A7)
where
V αβm1m2m3m4
=
gαβ
2
∫
d2rψ∗m1α(r)ψ
∗
m2β(r)ψm3β(r)ψm4α(r).
(A8)
Using Eq. (A4), the coefficients (A8) are calculated as
V ααm1m2m3m4 = δm1+m2,m3+m4
g
8πℓ2
× (2S + 1)
2
S(4S + 1)
(
∏
iC(2S, S +mi))
1/2
C(4S, 2S +m1 +m2)
, (A9)
V ↑↓m1m2m3m4 = δm1+m2,m3+m4(−1)2S−m1−m4
g↑↓
8πℓ2
× (2S + 1)
2
S(4S + 1)
(
∏
iC(2S, S +mi))
1/2
C(4S, 2S +m1 −m3) . (A10)
The total angular momentum Ltot can be expressed in
the second-quantized form as
Ltot+ = L
tot
x + iL
tot
y
=
∑
m,α
√
(S −m)(S +m+ 1)b†m+1αbmα,
Ltot− = L
tot
x − iLtoty = (Ltot+ )†,
Ltotz =
∑
m,α
mb†mαbmα.
(A11)
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These operator commute with the Hamiltonian (A7).
Therefore, the eigenstates of Eq. (A7) can be classified
by the magnitude L and the z-component eigenvalue Lz
of Ltot.
We performed exact diagonalization calculations of the
Hamiltonian (A7). Restriction to the subspace of the
fixed particle numbers (N1, N2) and the fixed projected
total angular momentum Lz can easily be implemented
by an appropriate choice of the Fock basis {|{nmα}〉},
where nmα is the eigenvalue of b
†
mαbmα. Restriction
to specific L = Ltarget can be done by first choosing
the sector with Lz = Ltarget and then adding to the
Hamiltonian the term λLtot− L
tot
+ , where λ is a positive
constant. This term shifts the entire eigenspectrum by
λ[L(L+1)−Lz(Lz+1)]. The states with L > Ltarget can
therefore be eliminated from the low-energy subspace of
our interest by taking sufficiently large λ > 0. We used a
LAPACK full diagonalization routine, an ARPACK rou-
tine [49] of the implicitly restarted Lanczos method, and
the standard Lanczos method (storing only a minimum of
two Lanczos vectors at each iteration) for small, medium,
and large system sizes. The second method requires a
larger memory space for Lanczos vectors than the third,
but is more stable against the presence of eigenenergy
degeneracies. In fact, the present time-reversal invariant
Hamiltonian often involves such degeneracies, and the
standard Lanczos method sometimes (but not always)
does not converge properly (for all presented data calcu-
lated by this method, we have checked sufficient conver-
gence). The addition of the λ term for the L-restriction
mentioned above makes the convergence even worse (be-
cause the matrix to be diagonalized becomes less sparse);
we therefore imposed this restriction only with LAPACK
and ARPACK routines. Even when we did not add the λ
term, we could determine the L value of each eigenstate
by operating (Ltot)2 on it. In Fig. 2, for example, we used
the standard Lanczos method without the L-restriction
for large system sizes, but could still determine the L
value of the ground state in this way.
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